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Abstract, We investigate the disclination unbinding transition from the theoretically pre-
dicted hexatic N + 6 phase to the nematic phase in discotic liquid crystals. The free energy
duetoanequilibrium continuous density of disclinationsin the hexaticN + 6phaseisderived.
Two kinds of disclinations are considered, longitudinal wedge and twist disclinations, which
decorrelate the sixfold orientational order, but do not break the cylindrical nematic order
around the director. Two possible mechanisms for the transition are found. The longitudinal
wedge free energy drives a transition of Kosterlitz type, which is the three-dimensional
equivalent of the disclination unbinding transition in two-dimensional melting theory of
Halperin and Nelson. Twist disclinations provide a different mechanism for the transition,
which is peculiar to the hexatic phase as a quasi-two-dimensional system. The twist dis-
clination free energy is not positive definite for some ranges of values of the Frank elastic
constants. As a consequence, for strong coupling between the director distortions and the
torsions around the axis of sixfold symmetry, a disclination unbinding instability, essentially
due to repulsion between disclinations of opposite signs, develops in the system. In order to
decide which of these two mechanisms is effective, we should know the physical values of
the Frank constants in the hexatic phase.

1. Introduction

Recently there has been considerable interest in bond orientationally ordered phases
[1-3] as intermediates between a fully disordered phase and a phase that is both orien-
tationally and translationally ordered. For most of these phases there is as yet no
experimental evidence, but they are at least possible on symmetry grounds and are of
physical interest. They should be a universal feature of ordered media and have been
proposed in a wide class of systems, including various kinds of liquid crystals, which
show similar symmetry features despite different physical structures [3]. Stability against
fluctuations of long-range orientational order is crucial for the actual existence of such
new phases. Fluctuation-induced instability might be the reason why experimental
observation of these phases is very difficult.

As regards discotic liquid crystals, we proposed a model for the melting of the
hexagonal discotic phase into the nematic phase [4, 5], where we assumed an inter-
mediate hexatic N + 6 phase [2, 4], which is still experimentally undiscovered. The
hexatic phase is translationally invariant and therefore has homogeneous density like
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the ordinary nematic phase, but shows long-range sixfold orientational order around
the director like the hexagonal discotic phase. The elastic stability of the N + 6 phase
against fluctuation-induced breaking of long-range orientational order has been tested
in a recent work [6].

We assumed such an intermediate phase because of some analogies with the two-
dimensional melting theory of Halperin and Neison [7]. As discussed in [4], the hex-
agonal discotic phase is 2 Quasi-two-dimensional system consisting of an array of liquid
columns parallel to each other and the axes of which are regularly positioned on a two-
dimensional hexagonal lattice. The liquid-like behaviour along the columns stabilizes
the two-dimensional lattice against thermal fluctuations.

In the previous works [4, 5], we considered the melting of the hexagonal discotic
phaseintothe hexatic N + 6 phase, presenting also a defect model [8, 9] of this transition.
Therefore we only dealt with the breaking of translational order. At such 2 transition
the two-dimensional lattice of the hexagonal discotic phase is completely melted so that
the hexatic phase, like an ordinary liquid, does not show resistance to shear. The
orientational order, on the contrary, is maintained: the hexatic phase presents the same
sixfold orientational order around the director as the hexagonal discotic phase, while
the ordinary nematic phase shows cylindrical symmetry.

In the Halperin—Nelson theory of two-dimensional melting [ 7], two kinds of defects
are considered: dislocations as defects of translational order and disclinations as defects
of orientational order. Two second-order phase transitions are found. A transition,
mediated by dissociation of dislocation—antidistocation pairs, occurs from the solid phase
to an intermediate hexatic phase, which is translationally disordered but orientationally
ordered. Another transition, mediated by unbinding of disclination—antidisclination
pairs, takes place from the hexatic phase to the isotropic liguid phase. Such defect-
mediated transitions have been extensively treated in several systems [1, 7, 10-12].

The present paper is devoted to developing a defect theory of the transition between
the hexatic N + 6 phase and the nematic phase in discotic liquid crystals. The loss of
orientational order is due to disclination unbinding, as in the Halperin—Nelson theory
[7]. We shall consider the hexatic phase permeated by an equilibrium continuous density
of unbound disclination loops, which decorrelate the sixfold orientational order and
let the cylindrical order, typical of the nematic phase, alone. The derivation of the
disclination free energy is somehow similar to that employed, in the dislocation
unbinding transition, for obtaining the dislocation free energy [1, &, 9].

The main result of this analysis is a new mechanism for the disclination unbinding
transition, peculiar to the hexatic phase as a quasi-two-dimensional system. Normal
stability of long-range orientational order requires some conditions on the Frank elastic
constants [6). Such a stability analysis involves long-wavelength non-singular fluc-
tuations with respect to the uniform configuration. Disclinations, on the contrary, are
non-homogeneous equilibrium configurations of the ordered medium which are singular
along a line. The analysis of disclination energy imposes stronger conditions on the
Frank constants. Therefore, the stability conditions against disclination unbinding can be
violated even if the system is stable as regards non-singular fluctuations of orientatjonal
order.

The disclinations in the hexatic N + 6 phase are the same as in the hexagonal
discotic phase, since these two phases share the same orientational symmetry. Beyond
disclinations typical of a two-dimensional solid, like the so-called longitudinal wedge
disclinations [13], there are the transverse wedge and twist disclinations [13], in which
the modes of distortion of the nematic director are coupled to the strains of the two-
dimensional lattice.
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The hexatic phase is melted as regards the two-dimensional lattice, but it maintains
avestige of the singled out crystallographic axes in the hexagonal anisotropy. Therefore
the nematic director is no longer sufficient to fix orientational order. We are forced to
introduce a bond-angle field Q,, which gives the orientation of the local two-dimensional
lattice in the plane orthogonal to the unperturbed nematic director mg, which is con-
ventionally taken along the 2 axis. Such Q, can be defined as the rotation angle around
the nematic director m, between a given reciprocal lattice vector and a fixed £ axis. In
the hexatic phase there are no reciprocal lattice vectors, but only the *directions’ of such
vectors, i.e. the crystallographic axes. '

The full orientational order of the hexatic phase is therefore determined by the local
rotation field £, which is defined as [4]

Q=Q,my + (m; x ém) (1)

where Q, is the local rotation of the two-dimensional lattice around mey, while dm is a
small distortion of the unperturbed nematic director my,. The field Q locally fixes the
orientation of the hexatic phase with respect to the uniform configuration in which €,
and dm vanish.

The longitudinal wedge disclinations [13] are characterized by dm = 0 and only ©,
is distorted (solid-like disclinations). In the transverse wedge and twist disclinations
[13], on the contrary, the director distortions dm and the rotation strains of @, are both
involved. Longitudinal wedge disclination lines are straight lines along m,, while twist
disclination lines lie along a direction orthogonal to m;,. Both these kinds of disclinations
are lines of singularities of the &2, component of {2. Transverse wedge disclination lines,
on the contrary, are orthogonal to 1, and are lines of singularities of a component of £2
orthogonal to my.

In the disclination unbinding transition from the hexatic N + 6 phase to the nematic
phase only the longitudinal wedge and twist disclinations [13] play a role. In fact, the
transverse wedge disclinations are characterized by large deformations of the nematic
director [13], which undergoes a & rotation. In that way the transverse wedge dis-
clinations would break the cylindrical nematic order too, making the system isotropic.
Searching for the transition to the nematic phase, we therefore only consider the
longitudinal wedge and twist disclinations. In those kinds of disclinations, the per-
turbations of the orientational order, Sm and Q,, are small outside the disclination cores,
so that they preserve mg as the average nematic director and then the nematic order
(figures 1 and 2). Thus equation (1), which assumes €2, and ém as small perturbations,
makes sense in 2 perturbative approgimation,

We shall derive the free energy due to an equilibrium density of disclinations in
the hexatic N 4+ 6 phase. The disclination density will be defined by considering the
disclination lines as lines of topological singularities of the rotation field {}. Since, as
discussed above, we only deal with longitudinal wedge and twist disclinations, we will
focus on Q, singularities. The curvature strains due to a finite density of disclinations,
inserted in the Frank elastic energy of the hexatic phase previously obtained [5], give
the disclination free energy. We then impose the equilibrium conditions to the elastic
stresses vielded by disclinations, assuming an equilibrium continuous density of dis-
clinations.

In fact, near the transition temperature, the system should contain a large number
of unbound disclination loops of arbitrary size. Thus, the density of disclinations, in this
limit, can be considered a continuous field, Finally, we get the free energy of the hexatic
N + 6 phase permeated by an equilibrium continuous density of disclinations.
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Figure 1, Longitudinal wedpe disclinations of (#) + /3 and (k) —2/3 of the planar hexagonal
array of liquid columns, The tangent vector = of the singular core line is parallel to the
director m,. Each circle represcats the section of a liquid column in the plane orthogonal to
g, which remains undistorted (two-dimensiona] solid-like disclinations). Only the Q; angle
of local orientation of the two-dimensional tattice undergoes distortions: the vector between
two nearest neighbours rotates by (@) +a/3 and (#) -#/3 along any loop around the
disclination core. As & consequence, the core sites of +a/3 and —x/3 disclinations are
surrounded by five and seven nearest neighbours, respectively, while for every other site the
number of nearest neighbours is six, as in a regular hexagonal lattice. The orientational
configurations induced by disclinations in the hexatic phase are the same as in the hexagonal
discotic phase to which the figures are referred, since the two phases share the same
oricntational symmetry.

Figure 2. Twist disclination of + /3. The tangent
vector 7 of the disclination core line is orthogonat
to the unperturbed director my. For the sake of

edge of the frame. Actually, if the elastic stresses

JAVAVAVAVAVAN A simplicity, the rotation is confined to a unique

are relaxed, the configuration of the rotation dis-

tortions spreads all over the plane orthogenal to

the disclination line (see section 4). Each ‘vertical’
line represents a liquid column, while the *hori-
zontal’ lines are the links of planar lattices, The
twist disclination line is a line of singularities of
the only Q, angle. However, it yields distortions
of the director dm, as well as Q, rotations of the
jocal two-dimensional lattice, so that the liquid

™

3
SN AN,

columas are just twisted. In this sense the twist
disclination is typical of our quasi-two-dimen-
sional system. Also this figure is referred to the

v
~

hexagonal discotic phase, but the orentational

L. configuration is the same as in the hexatic phase.

The contribution of longitudinal wedge disclinations to the above-mentioned free
energy is completely similar to the free energy that drives the disclipation unbinding
transition in two-dimensional melting [7], since the longitudinal wedge disclinations are
solid-like disclinations. Therefore, as regards longitudinal wedge disclinations, the
transition should be of Kosterlitz type [10, 11].
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However, we have to consider also the contribution due to twist disclinations, which
are not solid-like. The twist disclination free energy is not positive definite for some
ranges of values of the Frank elastic constants, which still fulfil the elastic stability
conditions [6]. As a consequence, the interaction between disclinations of opposite signs
can become repulsive, so yielding a twist disclination unbinding transition as a new type
of phase transition.

At present, without direct knowledge of the ranges of values of physical parameters
in the hexatic N + 6 phase, we are not able to state which of the two mechanisms
described above is effective. We only conclude that there is the possibility of a disclination
unbinding transition peculiar to the hexatic N + 6 phase as a quasi-two-dimensional
system.

In section 2 we define the disclination density field. 1n section 3 we derive the
disclination free energy, which drives the disclination unbinding transition from the
hexaticN + 6 phase into the nematic phase. In section 4 we calculate the pair-interaction
energy between disclinations and the deformations due to an isolated disclination.
Finally, in the appendix, we explicitly calculate the interaction energy of twist discli-
nations, ’

2. Disclination density in the hexatic N + 6 phase

Disclination lines in the hexatic phase are topological singularities of the rotation field
© (equation (1)) characterized by a non-vanishing contour integral of  around such a
line. We only consider , singularities, and then longitudinal wedge and twist discli-
nations, since only this kind of singularity is effective in the disclination-mediated hexatic
N + 6 phase to nematic phase transition. Thus our disclination lines are characterized
by

jngz = 22(n/6) @)

where the contour integral is made along any loop around such aline, and n = %1, 2,
+3 is an integer measure of the disclinicity of the line [7, 13]. In equation (2), # can take
only the integer values =1, =2, +3in order to preserve locally the hexagonal symmetry.

Disclinations can be viewed as linear defects of orientational order, i.e. non-homo-
geneous equilibrium configurations of the ordered medium that are singular along a
line. In section 4 we will compute the configuration of 2 arcund such a singular line. A
non-homogeneous configuration is characterized by a non-vanishing curvature strain
tensor

Azj = aA,/ax‘ (3)
where the vector A is defined as
A, =9, A, =0m, =Q, A, =0m,=-0Q, ©))
Equation (2) can be written in terms of the curvature strain tensor as
$ A dry = 21(nf6). ©®)

The following is in full analogy with dislocation theory [1, 14]. The application of Stokes’
theorem to equation (5) gives the differential version of (2),

E ik aAkz/axf = 2“(”/6)715(2}(5) (6)
where 6®(£) is a two-dimensional & function of the radius vector £ taken from the axis
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of the disclination line in a plane orthogonal to the tangent vector 7. For longitudinal
wedge disclinations 7 is along the unperturbed nematic director m, (2 axis), while for
twist disclinations 7 is orthogonal 10 mg [13].

For an arbitrary number of disclinations, one can define the disclination density

a =21 2 (n,/6)6P (£ ~ )7, Q)
[
and then, by equation (6),
;= E,}'k aAsz'ax,-. (8)
The disclination density is subject to the constraint
V-a=0 )

which follows from (8) and amounts to the conservation of the disclinicity carried by
disclination lines. As a consequence of equation (9), the disclination lines must either
close or terminate at external boundaries of the system.

At a length scale long compared to the spacing between disclination lines, we can
ignore the discrete nature of disclination lines and consider a to be a continuous field.
This is meaningful near the transition temperature, since the system contains a farge
number of disclination loops of arbitrary size.

Making a Fourier transform of (8) and solving for A;,, we obtain

A (@) = q,w(g) +igulg;/q")ayg) (10)
with

¥(g) = (9:/9")A: (). (11)
Equation (9) in Fourier space is

q-a(g)=90 (12)

which means that a(g) is transverse to q. Let us note that &, is the density of longitudinal
wedge disclinations, while @, and «, are the densities of twist disclinations. By equation
(9) or (12), @ has only two independent components.

3. Hexatic N + 6 phase with continuous density of disclinations

The full elastic energy associated with the rotation strains for a discotic liquid crystal in
the hexatic N + 6 phase is [5]

F= %Jd%’[[il(div dm)? + K,(myg - rot dm)? + Ks(mg X rot dm)? + v,(V,Q,)2

+ v2(V.9Q,)? + 2y3(my - rot &m)(V. Q)] (13)

where £} is the local rotation field defined in equation (1).
The elastic energy (13) in terms of the strain tensor A, equation (3), is

1
F=3 f Br{Ky (A + A,)7 + KAy — A2 + Ka(A2 + AL) + 7,42

+ Y:’.(Aiz + A%z) + 2}'3Azz (Axy - Ayx)]' (14)
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In the presence of disclinations, it is more suitable to express the elastic free energy as
a functional of the strain tensor A,. In that way each component of A, rather than each
component of £} as in equation (13), can be treated as an independent fluctuating field
variable. In fact, the singular components A,, of the strain tensor, equation (10), cannot
be represented by equation (3) everywhere. In the disclipation cores e does not vanish,
while the representation (3} of 4; in terms of {2 components, by equation (8), would
make « vanishing everywhere. Therefore we have to consider A,, as independent fields,
which are not equivalent to a varying Q,, since disclination cores are lines of physical
singularities of Q,. At the end of this section we will comment about such a choice of
independent variables.

For a given configuration of disclination lines, A,;(r) must minimize the free energy
(14). Expioiting the variational equation

Tt (13)
we obtain the equilibrium equations
KV, Au +Ay) = £V iely3ds + Ko(Ay — 4,0 + K3V,4,, =0 (16a)
VoVisAa + vV, A +73V.(Ay —A,) =0 (165)

where ¢, is the antisymmetric unit tensor in two dimensions and a, b = x, y (sum over
repeated indices a, b is implied). If one takes, respectively, the curl and the divergence
in two dimensions (xy plane) of equation (16a), one gets

(K, V2 + K3V2)ewA o + ¥3ViA, =0 (17)
(K, V3 + K;VD)A, =0 (18)

where we have exploited the relation V,4,, = V. 4, with 2 = x, y, which follows from
equation (3) for the non-singular components 4, (# # z} of the strain tensor. Note that,
here and in the following, the indices i, j, k, . . . are three-dimensional indices, while a,
b, c, ... are two-dimensional indices (in the xy plane).

In Fourier space, the elastic free energy (14) is

=3 [ Al + Kalewdal? + KoMl + plAL + 1l
 y3(ALemAa, + )] (19)
and the equilibriium equations (16&), (17) and (18) are, respectively,
Y291040:(@) + ¥19:A2(9) + V39 £ Awn(g) =0 (20a)
(K23 + K3gD)eaAu(g) + 245 A4(g) =0 (20b)
(K1g% + K3q2)An(g) =0 (20c)
with g, = (¢, g,, 0). From equation (20c) we have
Aulg) =0 21)

which stands for div dm = 0. Therefore, in the presence of only twist and longitudinal
wedge disclinations, at equilibrium, the splay mode of the director vanishes.
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By solving (204) and (20b) with respect to the singular components A,, of the strain
tensor, we get

, ""J’z(f‘:zqi_ + Ks‘i‘f) q
7.[(Ksy: — Y3)g2 + Ksyiga] **°

A 2 = Aaz (22)

] Y2¥3q1
.[(K2v) — ¥3)ql + K314

EabAab IQM az* (23)

Equation (23) gives the twist mode of the director at equilibrium as a function of the
singular components of the strain tensor. In order to obtain A, which is the bend mode,
atequilibrium, we exploit the reiation ¢, 4, = ¢, A, valid for non-singular components,
which gives

A, = —gab(QJ.qu/Q%.)(Echcd) (24)
and then, by equation (23),

Va¥s g
Y1 —¥1gL + Kyvigd '

Aza = =Epfd1s (K Acz- (25)

Substituting equations (21), (22), {23) and (25} in equation {19) we get the free
energy at elastic equilibrium as a functional of the two independent components A, of
the strain tensor,

v2(K g% + Ksqd)
j(er)3 ([(K», y3)¢;i ¥ Kyl Dot 6””) Auie 26)

F=1y,

If the equilibrium state is characterized by a continuous density of disclinations, the
singular components A,, and A, of the strain tensor are given in terms of &« by equation
(30). Taking account of the constraint (12}, which allows only two independent com-
ponents of e, and exploiting (22), which comes from the equilibrium equations, we can
solve (10) with respect to the equilibrium disclination density:

—ig,q. (K27, — D4l + Ks11q7)

A = ¥ _ 27a
Tiatlar Kiyvigt + Kavagh + (Kyya + Koy, _“YE)Qi‘I? ! &
# 1— 2
ArzzAaz =32 |w= |- (27b)
i

+ gt (K71~ v3)gs + Ks?’tqz
Kiv1gt + Kavaq® + (Ksya + Kovy — v3g% ¢t

7 el

We have chosen «, and ¢, as independent components of disclination density: a, is the
density of longitudinal wedge disclinations while a,, defined as

a, = (1/QJ.)(Qxay - ffya'x) (28)

is the density of ewist disclinations transverse to g, .
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Substituting equations (27) in (26) we get the disclination free energy at equilibrium,

FD 1 dq( Iz]2

2) @y
(Ka2v1 — ¥DL + Ks1iql 3
}’2 K 2[ fl (29)
37195 + Kavagh + (Kyye + Koy — ¥i)ghq?
Then we have to add the phenomenological core energy
d?
Fo= | s (Ewles|? + Exllacl + ey 2] (30)

where Ey, and Erare the core energies of, respectively, a longitudinal wedge disclination
and a twist disclination. At last we obtain the full free energy of the hexatic N + 6 phase
permeated by an equilibrium continuous density of disclinations,

Figt = Fp + Fope. (31)

The disclination free energy (29) can be written as

1
=3[ &n en aryv,e - e (32)
with
d’q gor
Uin = J-(Zzt)'"‘ U,(g) e" (33)
and
U!]i (q) = Uzz (q)aziazj + Uu(q)(a.l.ij - QJJC}.L}') (34)
where §, =¢q,/q,,0 118 the two-dimensional (in the xy plane) Kronecker 8, and
Uzz (q) = Yz/‘ﬁ (35::1)

Uwlg) = ral(Kav1 = ¥3)gd + Ksv147]
T Ksyigh 4 Kayagl 4 (Kayy + Koy, - viei 6

From equations (32)-(35) one can see that Fy, is the interaction energy between dis-
clinations and has two separate contributions: one comes from interaction between
longitudinal wedge disclinations and the other one comes from interaction between twist
disclinations. Longitudinal wedge and twist disclinations are decoupled.

The full free energy of disclinations therefore has two decoupled contributions,

Ftot=FW+FT (36)

(35b)

where

Fu=3 [ [ @ @, a0t = retry) + [ & Bl T @

is the contribution of longitudinal wedge disclinations, and

Fr= %j j Fry &ry ap(r)Unsln, — r)al(ry) + f &FrEr a,(nag(r)  (38)

is the contribution of twist disclinations.
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As regards the contribution of longitudinal wedge disclinations, by carrying out the
three-dimensional Fourier transform of U,,(g), equation (35a), we get

Fy= —:JJJ d*r), dzrizjdz «,(r,, 2} log (I"n_—’_l_z!_) &,(r.2, 2)
T Fo

+ f d*r Eyla,(r)]? (39)

where ryis a disclination core radius. By equation (39), one can see that the longitudinal
wedge disclination free energy is a three-dimensional transcription of the free energy of
disclinations in two-dimensional melting [7]. Therefore, longitudinal wedge dis-
clinations should drive a disclination unbinding transition {7} of Kosterlitz type [10, 11].
Such a result is trustworthy, and somehow expected, since the longitudinal wedge
disclinations are solid-like disclinations.

However, we have to take into account also the contribution of twist disclinations.
In the appendix we explicitly calculate U, (r, — r3), i.e. the interaction between twist
disclinations, which is peculiar to our quasi-two-dimensional system. The elastic stability
conditions [6] make the denominator of U, (¢}, equation (355), positive definite, so that
U,(r) is given by a Fourier integral which does not suffer divergences. On the other
hand the numerator of {/,(g) isnot positive definite for y3 > K,y , whichisstill consistent
with the above-mentioned elastic stability conditions. As a consequence, for y} >
Ky, , twist disclinations of opposite signs can be coupled by repulsive interaction, while
twist disclinations of the same sign can feel attractive interaction. The mechanism
described above yields twist disclination unbinding, driven by an increasing density of
disclinations which decorrelate the long-range sixfold orientational order, but preserve
the nematic order. Such a twist disclination unbinding transition is peculiar to the hexatic
N + 6 phase as a quasi-two-dimensional system.

The twist disclination unbinding transition from the hexatic N + 6 phase to the
nematic phase should take place for

Y3 = Kav1- (40)

In fact, the twist disclination-mediated instability of the N + 6 phase occurs for y3 >
Kyy,, while for y§ < K,y, the N + 6 phase is stable. On the other hand, in [6] we found
that, near the transition between the N + 6 phase and the hexagonal discotic phase, the
Frank constants fulfil y3 < K,y,, i.e. 2 more restrictive version of elastic stability
conditions, which prevents disclination unbinding besides fluctuation instability, There-
fore, in this consistent scheme, the N + 6 phase takes a range of stability between the
condensation of the hexagonal discotic phase and the disclination-mediated melting into
the nematic phase.

The elastic stability conditions against fluctuation-induced breaking of sixfold order
[6] were derived assuming the components of €2 to be independent fluctuating variables.
In the presence of disclinations, nevertheless, 2, 1s not defined in the disclination cores
so that it cannot be taken as an independent field. Thus we are forced to assume A, as
independent fields, since the singular components A;, of the strain tensor are not
equivalent to a varying €, in the disclination cores. The elastic free energy (14), written
in terms of A; as independent fields, is just positive definite for ¥} < K,y, besides X,
K3, K3, vy and y, > 0. This inequality is more restrictive than the previously derived [6]
ivs] < (K2y)'? + (K3y2)'/?, which refers to non-singular deformations of 2. Therefore,
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the stability condition against disclination unbinding can be violated when the system is
still stabie as regards non-singular fluctuations of orientational order.

The elastic equilibrium equations, e.g. equation (15}, implicitly contain boundary
conditions on the independent fields, which have to vanish at external boundaries of the
system. For non-singular deformations, £2 can be taken vanishing at boundaries. In the
presence of an isolated disclination, on the contrary, the £, increase along any loop
around the singular core is 2mw(n/6), as in equation (2), so that Q, cannot be taken
vanishing at boundaries even if the configuration is asymptoticaliy homogeneous. There-
fore, at external boundaries, the medium is locally, but not globaily, uniform, which is
just due to the singularity in the disclination core. On the other hand 4,,, given by
V&2, outside the disclination core, vanish at boundaries and can therefore be taken as
independent fields in the equilibrium equations when unbound disclinations are present.

In conclusion, we have described two possible mechanisms for the disclination
unbinding transition of the hexatic N + 6 phase into the nematic phase. The longitudinal
wedge disclination part of the free energy should drive a Kosterlitz transition [10, 11],
asin two-dimensional systems[7]. The twist disclination free energy shows the possibility
of a different kind of disclination unbinding transition, peculiar to the hexatic N + 6
phase as a quasi-two-dimensional system, due to repulsion between disclinations of
opposite signs.

4. Pair-interaction energy and deformations of isolated disclinations

In thissection we will compute the deformations of 2 yielded by an isolated disclination,
and then the pair-interaction energy between two isolated disclinations.

The curvature strain tensor due to the presence of disclinations is a function of
disclination density. Exploiting equations (22), (23), (25) and (27) we get

A.o(9) = 16w q.6[Y2739.9./M(9)]en(g) (41a)
EaAa (@) = —ily2vsq7 /A(g)]x(q) (41b)
A.(g) = iya[(Kag7 + K3q3)/ A@)lg.(e) (41c)
Anlq) = qim (Kyy; ~ }’2)2};5 + K3714? w(g) + i a;‘im «.(g) (414)
with

Ag) = K3719t + Kavagl + (Kay, + Koy — vi)gi g5 (42)

Equations (414) and (41b) give, respectively, the bend mode and the twist mode of the
director, while (41¢) and (41d) are the singular components of the strain tensor, i.e. the
Q. torsion modes. The splay mode of the director, by equation (21), vanishes in the
presence of only twist and longitudinal wedge disclinations.

The disclination density for an isolated longitudinal wedge disclination is

@, =2a(n/6)6@ (r,) a,=a,=0 (43)

with r, = (x, y, 0). Substituting the Fourier transform of equations (43) in equations
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(41),and carrying out the Fourier transforms of (41), the only non-vanishing components
are

Ax(r) = —(n/6)(y/r1) Ay (r) = (n/6) (x/r}). (44)

The bend and twist modes of the director, which depend only on &;, in addition to the
splay mode, vanish for a longitudinal wedge disclination, so that 8m = 0. The torsion
mode A, vanishes as well, and then ©, depends only on x and y. Qutside the disclination
core, i.e. forr, #0, A,, = V,Q,. Therefore, the integration of equation (44) gives the
deformation of £ around the singular core of a longitudinal wedge disclination

= (n/6) arctan(y/x) , (454)
dm=0 (45b)

which is just valid for », # 0. The deformation (45) is essentially two-dimensional.
Incidentally, equation (44) shows that A,, vanish for r, — o, while ©,, equation (454),
does not become constant for r, — o, as observed at the end of the previous section.

An isolated twist disclination along the £ axis, for example, is characterized by the
disclination density

o, = 2a(n/6)6P (y, ) a, =a,=0 (46)
which in Fourier space is

adq) = ~(27)*(n/6)(q.) @.(g)=0. (47)

Substituting (47} in (41) we get the Fourier transformed strain tensor. As a result,
A(r) = V,8m, vanishes. Moreover, any deformation yielded by the isolated dis-
clination does not depend on x, because of 8(g,) in equation (47). As a consequence,
equation (21) gives A, (r) = V,6m, = 0. Therefore, ém, is constant, and then can be
taken vanishing. Furthermore the strains of ém, are

A l(q) =iq,0m(q) = —iQ2x) (n/6)y,v3(q.97/A(9)]5(q,)

48
EanA () = ~ig,m,(g) = i(27)*(n/6)y,v3[q;/A(9)]6(q.) )
and then
dm,(q) = —(2x)*(n/6)y2v397/A(9)16(g.) (49)
while the strains of 2, are
An(g) = 2y 2, N ”jjgy)“.“m‘f* 5(4.)
. n  yKaq; + Kagh) (50)
Azz(‘?) - 1(2'75)2 6 ¥ Ey(q) - 5(‘?:)

A(g)=0.

The Fourier transforms of (49) and (50) can be calculated by factorizing the denomi-
nator A(g), equation (42), as in equation (A6) of the appendix, and reducing the
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integrand expressions into the sum of fractlons whose denommators are quadraticin g,
and g,. As a result, outside the core, i.e. for y* + 22 > r}, we get

vyl pn (@_—_Buy_)
o, 24k3y,B[(A B)~" log 2
A+ B)z? + y*\
—{A + B) ' iog ((—BE——},)] (51)
0
and
_Q,__n 9 2 _ (wﬁﬁ)
s 24362[(A+B) (A + B~ C)log r%
A — B)z? + y*
+(A—B) (B + C ~ A)log ((——r):—y—)] (52a)
[t]
_9Q, _n 8 1 ((A-!—B)zz-i-yz)
A,= 2 24Bay[(A+B) (A+B-0C)log -
A= B)2® + y?
+(A—B)2(B+C— A)log (~(—-32i~—”)] (526)
1]

where r; is a core radius, while A, B and C are defined in equations (A7) and (A9) of

the appendix. The integration of equation (52) gives the torsion

(A+ B) ‘/zz)
¥

Q, = 123[(B+A C)arctan( +(B-A+0Q)

X arctan ((—Ai——-%ql/z—z)] (53)

Equations (51) and (53) together with &m, = Orepresent the {2 deformations around
a twist disclination parallel to the £ axis. From equation (51) ém, is proportional to the
coupling constant 5, which just couples the director distortions to the 2, torsions. The
€2, twist singularity drives, by y; coupling in equation (13) or (14), ém distortions. As
ém, in equation (1), was assumed to be small, the result (51) is only valid for weak y,
coupling, otherwise the logarithmic increase breaks down the perturbative approxi-
mation. The twist disclination unbinding transition, described in the previous section,
takes place for strong y; coupling, so that (51) fails near such a transition.

Finally, we calculate the pair-interaction energy between two parallel disclinations.

For two isolated longitudinal wedge disclinations, the disclination density is
o, (r) = 21(n, [6)0D (ry — r1y) + 27(n, /6)6P(r, — r.)) (54)
o, =a,=0

where n,, n; and r )y, 7, are, respectively, the disclinicities and the positions of the two
disclination lines. Inserting (54} in the disclination free energy (32) we obtain, besides
the self-interaction energies, the pair-interaction energy between the two lines. The
interaction energy for unit length between two longitudinal wedge disclinations is then

Ugwlr,) = —27(n,n,/36)y, log(r . /ry) {35)
where r is the distance between the two lines.
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Inasimilar way, the interaction energy for unit length between two twist disclinations
parallel, for example, to the £ axis is
nn,ng_}fi{A +B—- Clo ((A + B)z? +y2)
36 2Bl(A+ B)'? 7]
. B—A+ —Clo ((A - B)z? +y?-)]_
a-B" 7
The coupling between a twist and a longitudinal wedge disclination, just discussedin the

previous section, as well as the coupling between two orthogonal twist disclinations,
vanishes.

UTT‘(y’ Z) ==

(56)
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Appendix
The interaction between twist disclinations is given, in equation (38), in terms of U,,(r),
which is the three-dimensional Fourier transform of

Un(@) = Ud@) (Bop — 4106 15) (A1)
where U, (q) is given in equation (35b). Therefore

Uy (r) = J-(% (8ap = drado}Un(g) €9 (A2)
is a symmetric tensor of rank 2, built up with the components of r, = (x, y,0), so that
we have

Uab(r) = 36,5 U(r) + (PLaf Ly — $6,5)U(r) (A3)
withé, =r /r .

Taking the trace of (A3) we have U,,(r) = U(r) and then, from (A2),

d’q fgrr
Ute) = | s Uula) €. (A4
Contraction of U,(r), equation (A3), with the traceless tensor 7, ,7#,, —~ 38, gives

0(") = 2F af Lo — $05) U (r)
and then, by (A2),

3
00) = [ G 11 = 200, - 2@ &7~ (49

In order to perform the Fourier transforms in (A4) and (A5), it is convenient to
factorize the denominator of Uy,(q) as

K37:1q% + Kayagt + (Ksys + Kaoyy — 342 62
= K3v:(q? + (A + B)gi][q: + (A - B)g2] (AS6)
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where
Ky, + Kby, — 13 ( Kz}’z)uz
Ass—tr —-- — B=|A% - —= AT
2K3 Y1 K3'},1 ( )
so that U,(g) can be written as
_Y2{ A+B-C = A-B-C )

0= (GG AT AP (A8)
with

C=(Kyy, — I/ K7 (A9)
Substituting (A8) in (A4) and (AS5), the Fourier transforms give, respectively,

_ Y2 (A+B-C 2 . 27~1)2
U0 = g (C e (A + B)7* 4 72)
B-A+C -

+ m[(/{ ~ B)z? + 3} 1/2) (A10)
and
0 = 2 (A +B—C {1+ (A+ B2 — (A + B)?z|/r )

" 8xB\(A + B)? [(A + B)z? + 2 )12
JBoA+CHI+ (A Byz2/ri? — (A~ B)l-“\z]/rl}z) (A11)
(4~ B\ [(A - B)z? + /2 ]2 '
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